Published by Institute of Physics Publishing for SISSA/ISAS Received: January 29, 2003 Accepted: February 19, 2003

Instantons of M(atrix) theory in PP-wave background

Jung-Tay Yee^{ab} and Piljin Yi^a

aSchool of Physics, Korea Institute for Advanced Study 207-43, Cheongryangri-Dong, Dongdaemun-Gu, Seoul 130-012, Korea bInstitute for Theoretical Physics, University of Amsterdam Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands E-mail: jungtay@science.uva.nl, piljin@kias.re.kr

Abstract: M(atrix) theory in PP-wave background possesses a discrete set of classical vacua, all of which preserves 16 supersymmetry and interpretable as collection of giant gravitons. We find euclidean instanton solutions that interpolate between them, and analyze their properties. Supersymmetry prevents direct mixing between different vacua but still allows effect of instanton to show up in higher order effective interactions, such as analog of v^4 interaction of flat space M(atrix) theory. An explicit construction of zero modes is performed, and Goldstone zero modes, bosonic and fermionic, are identified. We further generalize this to massive M(atrix) theory that includes fundamental hypermultiplets, corresponding to insertion of longitudinal fivebranes in the background. After a brief comparison to their counterpart in AdS × S, we close with a summary.

Keywords: M(atrix) Theories, Penrose limit and pp-wave background, Solitons Monopoles and Instantons.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep022003040 /jhep022003040 .pdf

Contents

1. Introduction 1

2. BMN Matrix theory and classical vacua 2 2.1 Lagrangian and supersymmetry 3 2.2 Classical vacua are collections of giant gravitons 4

3. Euclidean instantons 4 3.1 Euclidean action and supersymmetry 4 3.2 BPS bound and unbroken supersymmetry 7 3.3 Instanton solutions 9

4. Zero modes 9 4.1 Bosonic zero modes 9 4.2 Fermionic zero modes 11 4.3 A brief comment on stability of vacua 13

5. General moduli spaces 14

6. Vacua and instantons in the presence of fivebranes 15 6.1 Abelian case 15 6.2 General case 17 6.3 Supersymmetry 18

7. Instantons in AdS × S and penrose limit 19

8. Summary 21

1. Introduction

Maximally supersymmetric plane waves background in eleven dimensions is obtained from either AdS_7 × S^4 or AdS_4 × S^7 by taking the Penrose limit [1]. String theory or Mtheory in the plane waves background [2] admits rich tractable structures which are useful to understand AdS/CFT duality and physics in the presence of Ramond-Ramond flux: Lightcone Green-Schwarz action of type-IIB string theory is free and exactly quantizable [3]. M-theory in eleven dimension has a M(atrix) theory formulation with a mass parameter μ which can be used as an expansion parameter in appropriate combination with usual Yang-Mills coupling [4, 5].

– 1 –

For M(atrix) theory in the plane waves background [2], first written down by Berenstein, Maldacena, and Nastase (BMN), the vacua are characterized by discrete set of fuzzy spheres which preserve all 16 dynamical supersymmetries. They are nothing but D0-branes expanded by Myers’ dielectric term [6]. Tracing back to AdS ×S space, these fuzzy spheres originate from giant gravitons rotating with the velocity of light in the AdS space or in the sphere [7, 8, 9]. One purpose of this note is to examine physics of giant gravitons in this more tractable quantum theory.

Given such degenerate set of vacua, an obvious thing to ask is whether there are instantons that interpolate between different classical vacua. It turns out that search for instantons is greatly simplified thanks to BPS-like properties of the latter. That is, instantons interpolating between fully supersymmetric vacua of this theory preserves half of N = 16 dynamical supersymmetry. Those instantons that interpolate between any nontrivial vacuum and the perturbative vacuum are particularly simple, it turns out, and an explicit counting of zero modes, bosonic and fermionic, is carried out. As supersymmetry may already suggests, these instantons have too many fermionic Goldstone zero modes to mix vacua, and will contribute to higher order interaction terms only.

This note is organized as follows. After a brief review of the BMN M(atrix) theory in section 2, we take analytic continuation into the euclidean time in section 3. Here we have to deal with subtlety associated with Majorana condition on fermions, utilizing “double fermion technique” [10]. BPS-like equation follows then, either by writing euclidean action in a complete square form or by writing down supersymmetry condition. We solve for all instantons that interpolate between the perturbative vacuum and arbitrary collections of giant gravitons.

In section 4, we construct bosonic and fermionic zero modes around these instantons explicitly. Apart from 8 fermionic zero modes and a single bosonic zero mode, each arising from spontaneously broken symmetry, we find a large number of extra zero modes for most of these instantons. This leads us to believe that there are more diverse form of instantons, which we confirm in part in section 5.

Section 6 repeats the computation for certain mass-deformed N = 8 SYQM [11]. The latter have been discovered and identified as M(atrix) theory in the presence of longitudinal fivebranes . Among the vacua of this latter theory are giant gravitons trapped by the longitudinal fivebranes. We again isolate and study supersymmetric instantons that interpolate from a generic vacuum to the perturbative one. After a review of giant gravitons and instantons in AdS × S, the Penrose limit thereof in section 7, we close with summary.

2. BMN Matrix theory and classical vacua

We start with a summary of the mass deformed BMN M(atrix) theory [2]. Here we review some basic properties of the theory, in part to set up the notation, and recall its classical vacuum structure.

– 2 –

2.1 Lagrangian and supersymmetry

Introducing 16 × 16 real and symmetric SO(9) Dirac matrices,

γ_I (I = 1, 2 . . . 9) (2.1)

the lagrangian of the mass-deformed M(atrix) theory of BMN is

L = 1 2 Tr ( ∑ I (D_0X_I )^2 + 1 2 ∑ IJ [X_I , X_J ]^2 + iΨ^T D_0Ψ − Ψ^T γ_I [X_I , Ψ] ) +

+ 1 2 Tr − (μ 3 )_2 ∑ a=5,6,7 (X_a)^2 − ( μ 6 )_2 ∑ s=1,2,3,4,8.9 (X_s)^2 +

+ 1 2 Tr ( 2iμ 3 ϵ_{abc}X_aX_bX_c − iμ 4 Ψ^T γ_{567}Ψ ) , (2.2)

Here the fermion Ψ is Majorana.^1 In addition, both X^I and Ψ are valued in N × N hermitian matrices for an integer N ≥ 1. Dimensionful quantity μ introduces a mass-gap to the system and make the spectrum of the theory completely discrete. For the most part, we will be concerned with ground state sector of this theory.

This lagrangian was shown to be invariant under the following 16 (dynamical) supersymmetry transformation

δA_0 = iΨ^T ϵ , δX_I = iΨ^T γ_I ϵ , (2.5)

δΨ = ( D_0X_I γ_I − i 2 [X_I , X_J ]γ_{IJ} ) ϵ + μ 3 ∑ a=5,6,7 X_aγ_aγ_{567} − μ 6 ∑ s=1,2,3,4,8,9 X_sγ_sγ_{567} ϵ .

provided that we force the following explicit time-dependence of the transformation parameter ϵ, ϵ(t) = e^{− μ12 γ567 t}ϵ_0 , (2.6)

which makes the superalgebra quite unconventional. In particular, supercharges do not commute with the hamiltonian, but raise or lower energy by μ/12 unit. The notion of “supermultiplet” no longer implies degeneracy in this deformed superalgebra.

1The Majorana condition in 9+1 dimensions is achieved by imposing a Majorana condition,

Ψ = CΨ̄^T (2.3)

for some charge conjugation matrix C. For 16-component fermion here, we may introduce B which is a 16 × 16 block off C(Γ^0)^T such that

Ψ = BΨ^∗ , B(γ^I )^∗B^{−1} = γ^I , BB^∗ = 1 (2.4)

In the present case, we may choose B = 1 so that γ^I ’s are real and symmetric.

– 3 –

2.2 Classical vacua are collections of giant gravitons The potential of the mass-deformed matrix theory of BMN lifts flat directions altogether, and instead leave behind a set of discrete vacua. One way to see this is to realize that the potential can be written in a complete square form. Setting X^i = 0 for i = 1, 2, 3, 4, 8, 9 as a matter of convenience, the potential reduces to V → Tr −1 4 ∑ a,b=5,6,7 [X^a, X^b]^2 + 1 2 ( μ 3 )_2 ∑ a=5,6,7 (X^a)^2 − i μ 3 ϵ_{abc}X^aX^bX^c , (2.7)

which can be made into a complete square, − 1 4 ∑ Tr ([ X^b, X^c ] + iμ 3 ϵ_{bca}X^a )_2 . (2.8)

Thus zero of the potential is given by X^a’s satisfying a set of commutation relationship [ X^a, X^b ] = − iμ 3 ϵ^{abc}X^c , (2.9)

and classical vacua are given by static configurations of the form

X^a = − μ 3 J^a , (2.10)

with any N dimensional representation J^a of SU(2).

Nothing here requires J’s to form an irreducible representation, so we should look for general N dimensional representation. We may do this by filling out three N × N matrices with various irreducible representations of SU(2). Different ordering among such irreducible blocks are all gauge equivalent, and therefore classification of vacua comes down to classifying inequivalent partitions of the integer N.

These classical vacua are reminiscent of bound states of original M(atrix) theory [12]. In the latter, the bound states are supposed to exist for any number of D0’s, which means that Hilbert space contain sectors of n_p particles bound together for any partition of N (N = ∑ p n_p). Given the U(N) BMN M(atrix) theory, there is precisely one such distinct state for each partition N = ∑ p n_p, corresponding to a direct sum of n_p dimensional irreducible representations of SU(2). These classical states (and their quantum counterparts) are closest thing we have to usual Kaluza-Klein modes of supergraviton, or equivalently BPS bound states of D-particles. In fact, one may think each of these n_p × n_p blocks as the bound state n_p D-particles which are blown-up into a spherical membrane due to Myers’ dielectric effect [6]. In the mass deformed version here, flat directions are lost and everything is confined near the origin, yet it is tantalizing that hint of these D0 bound states still survives in the form of discrete set of classical vacua [7].

3. Euclidean instantons

3.1 Euclidean action and supersymmetry We wish to look for interpolating solution between different vacua, so a natural thing to do is to euclideanize the theory. The upshot is that we can do this effectively by mapping t → −iτ (3.1)

– 4 – which is actually is a result of more careful operation that maintains 10-dimensional origin for fermions. Rest of this subsection will address how to do this more carefully.

Analytic continuation to the euclidean signature is often hazardous when real fermions are present. The problem with real fermions in field theory is that representation theory under SO(d, 1) Clifford algebra is different from that under SO(d + 1). Since fermions of this quantum mechanics came from SO(9, 1) spinors, this sort of problem again shows up when we try to perform a euclidean continuation of this quantum mechanics. On the other hand, this also tells us that the trick we can use is already available in field theory language, where we abandon hermiticity of lagrangian, “double” fermion content by regarding the conjugated fermions as independent, and then impose certain “Majorana-like” constraints on the pair [10].

Let us start by rewriting the Minkowski action in SO(9, 1) spinor notation.

L_M = 1 2 Tr ( ∑ I (D_0X_I )^2 + 1 2 ∑ IJ [X_I , X_J ]^2 − iΨ̄Γ^0D_0Ψ − Ψ̄Γ_I [X_I , Ψ] ) +

+ 1 2 Tr − (μ 3 )_2 ∑ a=5,6,7 (X_a)^2 − (μ 6 )_2 ∑ s=1,2,3,4,8.9 (X_s)^2 +

+ 1 2 Tr ( 2iμ 3 ϵ_{abc}X_aX_bX_c − iμ 4 Ψ̄Γ_{567}Ψ ) , (3.2)

where Ψ is Majorana-Weyl spinor and 10 dimensional Γ matrices are given

Γ^0 = 1 ⊗ iσ_2 , Γ_I = γ_I ⊗ σ_1 (I = 1, 2 . . . 9) , Γ^{11} = 1 ⊗ σ_3 , (3.3)

where γ_I are usual 16 × 16 hermitian SO(9) Dirac matrices.

Weyl spinor Ψ is subject to the chirality condition

Γ_{11}Ψ = −Ψ . (3.4)

which effectively reduces Ψ to be 16-component, justifying the fact that the same notation Ψ is used for 16-component spinor of previous section and for the current 32-component spinor with upper half identically zero. In particular this means that 32 × 32 matrices Γ’s are effectively 16 × 16 matrices of the following form,

Γ^0 → +1 , Γ_I → γ_I , (3.5)

when acting on Ψ directly. Finally, the Majorana condition on Ψ is

Ψ = CΨ̄^T , (3.6)

where the charge conjugation matrix C is chosen to be

C = 1 ⊗ iσ_2 , (3.7)

– 5 – which satisfies

CΓ_I = −Γ^T C_I , C^T = −C . (3.8)

This gives the Minkowski action of the previous section.

We may euclideanize the action and the supersymmetry by taking

t = −iτ (⇒ D_0 = iD_τ ) , Γ^0 = −iΓ_{10} , (3.9)

where Γ_{10} = 1 ⊗ σ_2 . (3.10) Imposing euclidean Weyl condition on the fermions, we have effective reduction of Dirac matrices to 16 × 16.

Γ_{10} → −i Γ_I → γ_I Γ_{10}Γ_I → iγ_I , (3.11)

when acting on Ψ directly. Furthermore, we use “fermions doubling” trick, introducing χ̄ instead of Ψ̄.

L_E = 1 2 Tr ( ∑ I (D_τ X_I )^2 − 1 2 ∑ IJ [X_I , X_J ]^2 + χ̄D_τ Ψ + χ̄γ_I [X_I , Ψ] )

+ 1 2 Tr + (μ 3 )_2 ∑ a=5,6,7 (X_a)^2 + (μ 6 )_2 ∑ s=1,2,3,4,8.9 (X_s)^2

+ 1 2 Tr ( − 2iμ 3 ϵ_{abc}X_aX_bX_c + iμ 4 χ̄γ_{567}Ψ ) . (3.12)

Without Majorana condition, the path integral measure would be

[dΨ][dχ̄] . (3.13)

However, we must impose a “Majorana-like” condition on the pair

χ̄ = Ψ^T C , (3.14)

where C is the same charge conjugation matrix in Minkowski signature. The measure is effectively, [dΨ] . (3.15) This is analogous to contour integral over complex bosonic coordinates.^2

2Note also that we have abandoned hermiticity of the lagrangian in doing this. This is not something new in fact. The same happens even for bosons when we start with canonical variables. For fermions, in a sense, we are always working with canonical variables.

– 6 –

Supersymmetry transformations remain intact once Wick rotation is performed. Transformation of bosons are

δA_{10} = 1 2 (χ̄ϵ − η̄Ψ) , δX_I = i 2 (χ̄γ_I ϵ − η̄γ_I Ψ) , (3.16)

where η̄ is related to ϵ via

η̄ = ϵ^T C → −ϵ^T . (3.17)

Transformation of fermions are such that,

δΨ = ( iD_τ X_I γ_I − i 2 [X_I , X_J ]γ_{IJ} ) ϵ

+ μ 3 ∑ a=5,6,7 X_aγ_aγ_{567} − μ 6 ∑ s=1,2,3,4,8,9 X_sγ_sγ_{567} ϵ , (3.18)

from which transformation of χ̄ may also be inferred. Time-dependence of supersymmetry parameter must be analytically continued as well,

ϵ(τ) = e^{i μ12 γ567 τ} ϵ_0 . (3.19)

3.2 BPS bound and unbroken supersymmetry

With a discrete set of vacua, all degenerate with each other, it is natural to expect an instanton that interpolate between such vacua. Large number of supersymmetry tends to prohibit a direct mixing of classical vacua even if an instanton is present, but it does not mean that instantons do not enter physical processes. We will come back to relevancy of instanton in a later section. These issues will be addressed in section 4 in some detail, but let us gather some elementary facts about euclidean equation of motion.

Gathering bosonic part of euclidean action that involves the three bosonic quantity X^a’s,

S_E = 1 2 ∫ dτ ∑ a Tr { (D_τ X_a)^2 + (μ 3 X^a − iϵ^{abc}X^bX^c )_2} + · · · , (3.20)

we may complete the square one more time,

S_E = 1 2 ∫ dτ ∑ a Tr ( ∓D_τ X_a + μ 3 X^a − iϵ^{abc}X^bX^c )_2 ± ± ∫ dτ ∑ a Tr ( (D_τ X_a) ( μ 3 X^a − iϵ^{abc}X^bX^c )) + · · · . (3.21)

The ellipsis denotes the remainder of the action, which are composed of either a nonnegative part from the rest of X^I ’s or fermion bilinears, none of which would be involved in the interpolating solution.

– 7 –

Setting the other fields to vanish, we find a topological lower bound of the action from the second line, S_E ≥ ± ∫ dτ d dτ ∑ a Tr (( μ 6 X^aX^a − i 1 3 ϵ^{abc}X^aX^bX^c )) =

= ±Tr ( μ 6 X^aX^a − i 1 3 ϵ^{abc}X^aX^bX^c) )| | | ∞

−∞ . (3.22)

For configurations interpolating between two distinct vacua, we require

X^a(∞) = − μ 3 J^a_+ , X^a(−∞) = − μ 3 J^a_− , (3.23)

With this, the lower bound of the euclidean action collapses to a trace over the quadratic Casimir invariant, S_E ≥ ± 1 6 (μ 3 )_3 (

Tr J^a_+J^a_+ − Tr J^a_−J^a_− ) . (3.24)

Thus, to find an instanton solution between a pair of different vacua, it suffices to solve the first order equations, ±D_τ X^a = μ 3 X^a − iϵ^{abc}X^bX^c (3.25)

under the boundary condition (3.23). The sign is chosen so that the lower bound for the euclidean action is nonnegative. It is not difficult to check that any solution to this equation also solves full equation of motion.

Any euclidean solution that solves eq. (3.25) enjoys a special property that it is preserved by half of 16 dynamical supersymmetries. Wick rotating the SUSY transformation and isolating transformation property of the fermions, we find the following terms

δΨ = iD_τ X_aγ_a − i 2 [X_a, X_b]γ_{ab} + μ 3 ∑ a=5,6,7 X_aγ_aγ_{567} ϵ (3.26)

on the instanton background. On the other hand, we have the identity,

γ_{ab} = γ_cγ_{567}ϵ^{abc} , (3.27)

so that δΨ = i ( D_τ X_aγ_a − (μ 3 X_a − iϵ^{abc}X^bX^c ) γ_a(iγ_{567}) ) ϵ = 0 , (3.28)

provided that iγ_{567}ϵ_0 = ±ϵ_0 , (3.29)

where the sign choice should be correlated with that of (3.25). With each choice of sign, then, these are the 8 preserved supersymmetries promised. For this reason, we refer to (3.25) as the BPS equation.

– 8 –

3.3 Instanton solutions

An infinite class of instantons can be found with a simplifying condition, J^a_+ = 0. This gives interpolating configuration from an arbitrary vacuum at past infinite to the trivial perturbative one at future infinity. The solution is fairly elegant. We use the ansatz,

X^a = − μ 3 f(τ)J^a_− , (3.30)

with the static gauge A_τ = 0, and look for a solution with f(−∞) = 1 and f(∞) = 0. Equations with − sign reduces to a single ordinary differential equation, d dτ f = − μ 3 ( f − f^2 ) , (3.31)

and the unique solution satisfying the boundary condition is, f(τ) = 1 1 + exp(μ(τ − s)/3)

(3.32)

where we kept a collective coordinate s explicitly to parameterize where the instanton is centered along the euclidean time.

The value of the euclidean action of this interpolating instanton is

S_E = 1 6 (μ 3 )_3

Tr J^a_−J^a_− . (3.33)

Writing J_− as sum of irreducible n_p × n_p representations with ∑ p n_p = N, value of the euclidean action is S_E = 1 6 (μ 3 )_3 ∑ p n_p(n_p − 1)^2 4 . (3.34)

Such an instanton will contribute to some physical processes but is suppressed by exponentially small factor e^{−SE} . (3.35)

Finally, one should remember g^2_{YM} to recover the actual dimensionless exponent is S_E/g^2_{YM}.

4. Zero modes

4.1 Bosonic zero modes

One particular collective coordinate is already manifest in the solution above, which the Goldstone mode coming from time translation symmetry. For any finite action solution to the BPS equation X^a, the translational zero mode,

D_τ X^a , (4.1)

is a normalizable zero mode. A natural followup question is whether instanton solutions have more bosonic zero modes and whether it is possible to break up an instanton to two or more intermediate ones. For this let us perturb the BPS equation. We may assume

– 9 – static gauge again, A_τ = 0, without loss of generality. Denoting by V^a the perturbed part of X^a, we have ± d dτ V^a = μ 3 V^a − iϵ^{abc}[X^b, V^c] (4.2)

and the problem reduces to classifying normalizable solutions to this.

The instanton solutions of previous subsection admit relatively simple solutions to this zero mode counting problem. With the right choice of sign, the equation is − d dτ V^a = μ 3 ( V^a + f(τ)iϵ^{abc}[J^b_−, V^c] ) . (4.3)

In the far future, f → 0, and the simple exponential behavior due to the μ/3 piece is consistent with the normalizability requirement on zero modes. The main issue is then what happens at past infinity where f → 1.

Two technical points are helpful here. First, one may regard iϵ^{abc} as the generators T^{(b)}_{ac} of SU(2). Second, the commutator action with J^a in a representation R of SU(2) actually form a representation R ⊗ R^∗ ≃ R ⊗ R. Thus the matrix operator that must be diagonalized may be thought of as a triple tensor product K ≡ ∑ b=5,6,7 T^b ⊗ ( J^b_− ⊗ 1 + 1 ⊗ J^b_− ) . (4.4)

Let us simplify further and consider the case of J_− in the maximal (i.e., spin (N − 1)/2) irreducible representation. Square of the N dimensional irreducible representation [(N − 1)/2] is decomposed as

[(N − 1)/2] ⊗ [(N − 1)/2] = [0] ⊕ [1] ⊕ · · · ⊕ [N − 2] ⊕ [N − 1] , (4.5)

which gives integer spins only. Tensoring each block [j] with j = 0, 1, . . . , N − 1 with the adjoint representation [1] of T^{(b)}_{ac} = iϵ_{abc}, we find

[1] ⊗ [j] = [j − 1] ⊕ [j] ⊕ [j + 1] . (4.6)

Eigenvalues of the operator K for the three blocks on the right hand side are −(j + 1), −1, j, respectively. Of these three, only the first can and does produce normalizable zero mode, 2j − 1 number of them, for j ≥ 1.

Thus, for an instanton that interpolates between a single maximal giant graviton in the irreducible N × N form and the trivial vacuum, the bosonic zero modes within the same N × N block may be summarized as in the following table,

degeneracy 1 3 · · · 2N − 5 2N − 3 behavior at −∞ e^{(μ/3)τ} e^{2(μ/3)τ} · · · e^{(N−2)(μ/3)τ} e^{(N−1)(μ/3)τ}

All of these zero modes decay as e^{−(μ/3)τ} at future infinity. There are total (N −1)^2 number normalizable bosonic zero modes.

Generally speaking, one might need to take into account of nonnormalizable zero modes in case of euclidean instantons. For solitons, the normalizability requirement arises from

– 10 – consideration of low energy effective action of collective coordinates, since L^2 norm of zero modes appear in the effective kinetic term of the former. For instantons, the only requirement is that we maintain the same finite euclidean action. This by itself does not restrict the zero mode to be normalizable.

In particular, there are N^2 − 1 number of zero modes from the above (corresponding to K = −1) that asymptote to constants at past infinity. Under such a deformation, the instanton solution remain of the same finite action. These zero modes will deform J_− by constant amount, but since small change that respect the vacuum condition cannot alter the representation of SU(2), this deformation cannot change the action. Combined with the above normalizable zero modes, we have total 2N(N − 1) number of possible deformations of a maximal instanton that preserve the euclidean action. On the other hand, none of the N^2 − 1 nonnormalizable zero modes are physical. They correspond to rotation of the instanton by global SU(N) unitary transformations. That is, these N^2 − 1 modes are generated by X^a(τ) → gX^a(τ)g^† . (4.7)

In the temporal gauge, A_{10} = 0, we adopted, this is a pure gauge transformation when g is uniform. As a metter of definition of the theory, such a gauge parameter should not be included in the path integral. With more general instantons with both J_± nontrivial, there could be relevant nonnormalizable zero modes that rotate one of two J_± while leaving the other invariant.

4.2 Fermionic zero modes

Large number of bosonic zero modes hint at similarly large number of fermionic zero modes. Here, we will perform an explicit construction of fermionic zero modes in much the same way as in bosonic case above. The fact that there are 8 broken supersymmetry implies existence of fermionic zero modes arising as Goldstone fermionic modes. These should be of the form

ψ_0 = i ( D_τ X_aγ_a ± (μ 3 X_a − iϵ^{abc}X^bX^c ) γ_a ) ϵ^′ = 2i (D_τ X_aγ_a) ϵ^′ , (4.8)

with wrong chirality fermions ϵ^′;

iγ_{567}ϵ^′_0 = ∓ϵ^′_0 . (4.9)

Below we will also recover these zero modes from general fluctuation analysis. Because these arise as Goldstone modes, the associated Grassmann coordinate are special among fermionic ones. Specifically, they cannot have an “interaction vertex” in the effective action of the instanton.

The equation of motion for fermions in the instanton background is

D_τ Ψ + μ 4 (iγ_{567})Ψ + γ_a[X^a, Ψ] = 0 . (4.10)

Let us again specialize to those instantons which interpolate from giant graviton with representation J^a_− to the trivial vacuum. Normalizability at τ = ∞ requires Ψ to be of

– 11 – positive chirality under iγ_{567}. Normalizability at τ = −∞ depends on the last piece, which on the instanton becomes − μ 3 f(τ)γ^a[J^a_−, Ψ] , (4.11) so the problem reduces to an eigenvalue problem under the operator K̃ ≡ −γ^a ⊗ (J^a_− ⊕ 1 + 1 ⊕ J^a_−) . (4.12)

A zero mode is normalizable if and only if the eigenvalue of this operator is negative and < −3/4. Because only 3 out of 9 possible γ’s are involved, this can also be solved using SU(2) algebra. Let us write the three gamma matrices in a complex form

γ^a = σ^a ⊗ Γ , (4.13)

where Γ is some chirality operator such that Γ^2 = 1. We will use the fact that iγ_{567} = −1 ⊗ Γ, meaning that the eigenvalue of Γ is negative of that of iγ_{567}. Since normalizable zero modes must have positive chirality under the latter, we have in effect, K̃ ≡ σ^a ⊗ (J^a_− ⊕ 1 + 1 ⊕ J^a_−) , (4.14)

where we should remember the extra degeneracy coming from extra spinor indices acted on by Γ. After taking into account that Γ = −1, this degeneracy gives a factor of 4 when counting real fermionic collective coordinates.

As in bosonic case, we consider the maximal irreducible instanton of size N × N for J_− side initially. Square of the N-dimensional representations is [ (N − 1) 2 ] ⊗ [ (N − 1) 2 ] = [0] ⊕ [1] ⊕ · · · ⊕ [N − 2] ⊕ [N − 1] . (4.15)

Tensoring each block [j] with j = 0, 1, . . . , N − 1 with a spin half representation [1/2] of σ/2, we find [ 1 2 ] ⊗ [j] = [ j − 1 2 ] ⊕ [ j + 1 2 ] (4.16)

eigenvalues of the operator K̃ for the three blocks on the right hand side are −(j + 1) and j, respectively. Of these two, only the first can and does produce normalizable zero modes, 2j number of them, for j ≥ 1. Thus, for an instanton that interpolates between a single giant graviton in an irreducible N × N block and the trivial vacuum, the fermionic zero modes may be summarized as in the following table,

degeneracy 4 × 2 4 × 4 · · · 4 × (2N − 4) 4 × (2N − 2) behavior at −∞ e^{(5μ/12)τ} e^{(3μ/4)τ} · · · e^{(4N−7)(μ/12)τ} e^{(4N−3)(μ/12)τ} All of these zero modes decay as e^{−(μ/4)τ} at future infinity. Thus, given an irreducible N-dimensional J_−, The total number of real fermionic collective coordinates from these zero modes within the same N × N block is 4N(N − 1).^3

3An unusual fact is that this number of fermionic zero modes match up with the bosonic side, only if we include all N^2 − 1 nonnormalizable gauge zero modes in the latter. The latter gives (N − 1)^2 + (N^2 − 1) = 2N(N − 1), so one real bosonic mode correponds to one complex fermionic mode. The reason behind this must be that supersymmetry parameter itself has a exponential dependence on τ , although it is not clear to us whether there is a precise one-to-one matching between the two sets.

– 12 –

Of these the first 8 modes are associated with 8 broken supersymmetry. The Goldstone modes of the latter are proportional to

iD_τ X^aγ^ae^{(μ/12)τ} ϵ^′_0 (4.17)

with (iγ_{567})ϵ^′_0 = ϵ^′_0. Comparing the asymptotic form of this to the first 8 zero modes, we can see easily that they are of identical form.

4.3 A brief comment on stability of vacua

These 8 fermionic zero modes associated with the broken supersymmetry are quite prohibitive in that instantons amplitudes get further suppression due to them. Generally speaking instanton will contribute to an operator O via a path integral, ∫ [dX][dΨ] O e^{−S} . (4.18)

Essential part of such a computation comes from integration over bosonic and fermionic collective coordinates, call them z^i and ζ^l, whereby the path integral includes a piece ∫ ∏ i dz^i ∏ l dζ^l O e^{−SE −δS(zi,ζl)} (4.19)

Integral over Grassmann numbers ζ^l vanishes unless the integrand produces matching fermions in one-to-on fashion.

For most fermionic zero modes, this is easy to arrange regardless of O, since the higher order correction to euclidean action, δS(z^i, ζ^l), will generally have a potential term involving four (or more) ζ^l’s. This does not contradict the statement that ζ^l are zero modes, since the latter simply implies absence of quadratic terms in case of fermions. Such quartic potential term for fermionic collective coordinates has been derived and used extensively in the context of Yang-Mills theory.^4

Exception to this are Goldstone zero modes, bosonic or fermionic, representing spontaneously broken global symmetries. Nonvanishing amplitude is possible only if one starts with O with enough fermions in it to cancel Goldstone fermionic coordinates. It shows that there is no mixing among classical vacua by these instantons, and that each classical vacuum of giant gravitons must remain robust against quantum tunneling. Effect of an instanton will show up only at higher order operators.

This, together with stability argument of ref. [14], implies that the classical vacua of giant gravitons are in fact exact quantum mechanical vacua. One could argue that being protected states is by itself enough to guarantee that classical supersymmetric vacua carry over to quantum mechanics, yet, this sort of argument is known to fail in general supersymmetric theories. Such stability argument applies within full quantum theory which is in principle distinct from classical theory no matter how close one gets near the latter.

4Direct derivation of such higher order terms with fermionic collective coordinate is particularly welldocumented for the case of low energy dynamics of monopoles in 4 dimensions. See ref. [13] for detailed description of how such terms arise.

– 13 –

There are known cases where, despite classical BPS state, no quantum counterpart exist no matter how close to classical limit one takes [15]. The present theory seems to escape such a possibility, likely due to relatively large number of supersymmetries.

5. General moduli spaces

So far, we studied a rather restricted class of instantons (with J_+ = 0), and counted zero modes of even more special case of them, namely those with J_− in the irreducible Ndimensional representation filling out the entire U(N). We found (N − 1)^2 normalizable bosonic zero modes, N^2 − 1 nonnormalizable one which are unphysical due to gauge symmetry, and 4N(N − 1) (real) fermion zero modes. As with any quantum theory, one must understand entire species and moduli spaces of instantons to make proper usage of it in path integral, so it is of prime importance to catalog general instantons and their moduli spaces.

For instance, we should ask how the counting changes if we instead consider n × n irreducible instanton embedded in U(N) theories. Bosonic zero mode arising from the same n × n block should follow from the above zero mode counting, so we have (n − 1)^2 physical modes and n^2 − 1 unphysical gauge modes. Repeating the anaylsis of the previous section for “off-diagonal” part of matrices X^a’s, we find additional modes. Of these, 2(N − n)(n − 2) are normalizable and have to be physical. In addition, 2(N − n)n modes that approach constant at τ = −∞ also exist but these are all accounted by global gauge rotation that takes the n × n solution out into entire N × N. We could repeat this exercise for more general case with more than one irreducible blocks embedded inside U(N); it is again matter of studying eigenmodes of the algebraic operator K, which become effectively K_{ij} ≡ ∑ b=5,6,7 T^b ⊗ ( J^b_i ⊗ 1 + 1 ⊗ J^b_j ) , (5.1)

on different blocks in U(N) when J_i’s are independent irreducible representations of SU(2) inside J_−.

For classification of instantons and their moduli space, it would be desirable to approach the problem with more global viewpoint. It turns out that this issue was studied in depth previously. An essentially same system of equations was considered before in a different setting of N = 1^∗ U(N) Yang-Mills theory [16]. It just so happens that the vacuum condition and BPS equation for domain walls in N = 1∗ theories are identical to our vacuum condition and BPS equation for instantons. They further mapped this system of equations into a mathematical problem of an infinite dimensional hyperKähler quotient procedure and constructed the solution space of the domain walls.

Among the information one could extract from their general approach would be which domain wall (instanton) may split into which combination of domain walls (instantons). On the other hand, counting of deformation was such that some pure gauge mode are counted along with physical ones.^5 Indeed numbers in ref. [16] match precisely with ours whenever

5Notably, this is the case when J+ = 0 [16].

– 14 – the comparison is possible, once we include the global gauge modes in the counting. The constructive approach we took is more detailed in that it gives a simple distinction between the two classes of deformations. Thus, when carefully combined, the two approaches should generate essentially all information of the physical moduli space of instantons, which would be vital if we were computing instanton effect via the Eulidean path integral. In this note, we will not attempt this general anaysis.

6. Vacua and instantons in the presence of fivebranes

A mass-deformation of N = 8 Matrix model including hypermultiplets was derived in [11]. It was constructed to describe longitudinal fivebranes in the pp-wave background. It was also found that there exist many continuous family of classical vacuum solutions which preserve full dynamical symmetries. Here, we will investigate whether there are instanton solutions interpolating between these vacua.

To set up the notation, let us briefly recall what new fields are involved in this N = 8 quantum mechanics. When we have k longitudinal fivebranes probed by U(N) M(atrix) theory, the only modification to the U(N) quantum mechanics is introduction of k hypermultiplets in the fundamental representations. This necessarily breaks SUSY down to N = 8 from N = 16, and thus split the adjoint Yang-Mills fields also into two N = 8 multiplets. In the BMN deformed M(atrix) theory considered above, 9 adjoint scalars are already split into 3+6. We labeled the first 3 as X^{5,6,7}. In this notation, X^{6,7,8,9} fall under the adjoint hypermultiplet. We further combine these 4 scalars in a complex form, y_2 = X^6 − iX^7 , y_1 = X^8 − iX^9 . (6.1)

Whenever we introduce an longitudinal fivebrane sitting at the center, we should add a fundamental hypermultiplet with two complex scalars,

q^{(f)}_2 , q^{(f)}_1 . (6.2)

Our convention is such that q’s are anti-fundamental representations while their conjugates, q̄ and q̄, are in the fundamental representation.

We should note here that ref. [11] found two distinct class of vacuum solutions invariant under all supersymmetries. One set involving X^5, y_2, q_2 give obvious generalization of the Giant graviton in the bulk, while the other involves X^5, y_2, q_1. In the following we found instanton solutions associated with the former only. There appears to be no supersymmetric instanton solution associated with the latter.

6.1 Abelian case

For simplicity, we first consider the instanton solution interpolating between an abelian giant graviton at past infinity and trivial vacuum at future infinity. Turning off irrelevant

– 15 – fields, we write down the euclidean action in a complete square form,

S_E = 1 2 ∫ dτTr ∓D_τ X_5 + 1 2 ∑ f q̄^{(f)}_2 q^{(f)}_2 + μ 3 X_5 2 +

+ ∑ f ( ∓D_τ q̄^{(f)}_2 + ( X_5 + μ 3 ) q̄^{(f)}_2 ) ( ∓D_τ q^{(f)}_2 + q^{(f)}_2 ( X_5 + μ 3 )) ±

± 1 2 ∫ dτTr (2D_τ X_5) 1 2 ∑ f q̄^{(f)}_2 q^{(f)}_2 + + μ 3 X_5 +

+ ∑ (f) D_τ q̄^{(f)}_2 ( X_5 + μ 3 ) q^{(f)}_2 + ∑ f ( X_5 + μ 3 ) q̄^{(f)}_2 D_τ q^{(f)}_2

≥ ± 1 2 ∫ dτ d dτ Tr μ 3 X^2_5 + μ 3 ∑ f q̄^{(f)}_2 q^{(f)}_2 + X_5 ∑ f q̄^{(f)}_2 q^{(f)}_2

= ± 1 2 Tr μ 3 X^2_5 + μ 3 ∑ f q̄^{(f)}_2 q^{(f)}_2 + X_5 ∑ f q̄^{(f)}_2 q^{(f)}_2 | | | +∞

−∞ . (6.3)

Lower bound is saturated if the first order equations are satisfied,

±D_τ X_5 = 1 2 ∑ f q̄^{(f)}_2 q^{(f)}_2 + μ 3 X_5 ,

±D_τ q̄^{(f)}_2 = X_5q̄^{(f)}_2 + μ 3 q̄^{(f)}_2 . (6.4)

Dropping time dependence, we recover a Giant graviton of the form

X_5 = − μ 3 , q^{(f)}_2 = √ 2 μ 3 z^f , (6.5)

where z is any complex k-vector of unit length. Vacuum moduli space is CP^{k−1}.

The ansatz for the instanton solution interpolating between an abelian giant graviton at past infinity and perturbative vacuum at future infinity is

X_5(τ) = − μ 3 f(τ) , q̄^{(f)}_2 (τ) = √ 2 μ 3 z^f g(τ) , (6.6)

with f(−∞) = 1 = g(−∞) and f(+∞) = 0 = g(+∞). Inserting it into the first order equations with − sign, we get ḟ = −μ 3 ( f − g^2 ) , ġ = − μ 3 (g − fg) . (6.7)

A unique solution to this with the right asymptotic behavior is (3.31)

f = g = 1 1 + exp(μ(τ − s)/3)

, (6.8)

whose form is identical to the above N = 16 case. The action is

S_E = 1 2 (μ 3 )_3

. (6.9)

This solution has a single bosonic zero mode which corresponds to a Goldstone mode.

– 16 –

6.2 General case

We now repeat the exercise for non-abelian case and consider instanton solutions interpolating between a nonabelian giant graviton at past infinity and trivial vacuum at future infinity. Turning on adjoint scalars X_5, ȳ_2 and fundamental scalars q̄^{(f)}_2 only, we have the following inequality of euclidean action,

S_E ≥ ± 1 2 Tr μ 3 X^2_5 + μ 3 ∑ f q̄^{(f)}_2 q^{(f)}_2 + μ 3 ȳ_2y_2 + X_5 ∑ f q̄^{(f)}_2 q^{(f)}_2 + X_5 [ȳ_2, y_2] | | | +∞

−∞ . (6.10)

The bound is saturated if and only if

± D_τ X_5 = 1 2 ∑ f q̄^{(f)}_2 q^{(f)}_2 + μ 3 X_5 + 1 2 [ȳ_2, y_2] , (6.11)

± D_τ q̄^{(f)}_2 = X_5q̄^{(f)}_2 + μ 3 q̄^{(f)}_2 , (6.12)

± D_τ ȳ_2 = [X_5, ȳ_2] + μ 3 ȳ_2 . (6.13)

For the instanton solution interpolating between an nonabelian giant graviton occupying an n×n block of adjoint scalars at past infinity and perturbative vacuum at future infinity, we use an ansatz of the form,

−(X_5)_{AB}(τ) = μ 3 (m + 1 − A)f(τ)δ_{AB} , (q̄^{(f)}_2 )_A(τ) = √ 2 μ 3 ω^f_2 g(τ)δ_{A,m} , (ȳ_2)_{AB}(τ) = √ 2 μ 3 α_Ah(τ)δ_{A,B−1} , (6.14) where

|α_A|^2 − |α_{A−1}|^2 = m + 1 − A , (6.15)

for all 1 ≤ A ≤ n except for A = m ∑ |w^f_2 |^2 + |α_m|^2 − |α_{m−1}|^2 = 1 , (6.16)

Here m is any fixed integer such that (n − 1)/2 < m ≤ n.

To find an instanton that interpolate between a giant graviton and perturbative vacua, we set the boundary conditions, f(−∞) = g(−∞) = h(−∞) = 1 , f(+∞) = g(+∞) = h(+∞) = 0 . (6.17)

Taking an appropriate sign choice, and writing equation for X^5 component-wise, we find ḟ = −μ 3 ( f − h^2 ) , (6.18)

– 17 – from all diagonal entries except for A = m case. The latter gives a slightly different equation ḟ = −μ 3 ( f − h^2 ) + μ 3 |ω_2|^2 ( g^2 − h^2 ) . (6.19)

Two equations are consistent only if g^2 = h^2, which in turn forces g = h. Then equations for y_2 and for q_2 collapse to one, ḣ = −μ 3 (h − fh) . (6.20)

Unique solution consistent with the boundary condition is

f = g = h = 1 1 + exp(μ(τ − s)/3)

. (6.21)

Again, dependence on τ is identical to N = 16 case. Value of the euclidean action also has a simple expression, S_E ≥ − 1 2 (μ 3 ) Tr(X_5)^2 | | | +∞

−∞ . (6.22)

This is essentially of the same form as the euclidean action in N = 16 theory. With large-N, it again scales as ∼ (μn)^3.

6.3 Supersymmetry As with N = 16 case, instantons of N = 8 theories also preserves some supersymmetry. Euclideanization of the theory and the supersymmetry proceed similarly, and we have

δλ_1 = iD_τ X_μγ_μϵ_1 − i 5∑ μ,ν 1 2 [X_μ, X_ν ]γ_{μν} ϵ_1 + iD^3ϵ_1 + (iD^1 + D^2)ϵ_2 −

−i μ 6 4∑ μ=1 X_μγ_μγ_5ϵ_1 + i μ 3 X_5ϵ_1 ,

δχ_1 = −iD_τ y_iϵ_i − i 5∑ μ=1 [X_μ, y_i]γ_μϵ_i + iμ 6 γ_5y_1ϵ_1 + iμ 3 γ_5y_2ϵ_2 ,

δψ_1 = −iD_τ q_iϵ_i + i 5∑ μ=1 q_iX_μγ_μϵ_i + iμ 6 γ_5q_1ϵ_1 + iμ 3 γ_5q_2ϵ_2 , (6.23)

and similar expressions for δλ_2, δχ_2, and δψ_2. D^{1,2,3} are familiar auxiliary fields of vector multiplet. λ_i, χ_i, and ψ_i are 4-component Dirac spinors from vector multiplet, adjoint hypermultiplet, and fundamental hypermultiplets.^6 To recover δλ_2, δχ_2, and δψ_2, one

6In Minkowski signature, they are each symplectic Majorana such that

λ1 = −iB̃λ^∗_2 , χ1 = +iB̃χ^∗_2 , ψ1 = +iB̃ψ^∗_2 (6.24)

with some conjugation matrix B̃. Similarly, supersymmetry parameter ϵi are symplectic Majorana spinors,

ϵ1 = −iB̃ϵ^∗_2 , (6.25)

Once euclideanized, however, this Majorana condition cannot be imposed and we must treat two components under i index independently. As before, correct degrees of freedom is found by giving up hermiticity and treating the path integral as if it is a contour integral.

– 18 – must care to euclideanize after performing charge conjugation. For the instantons in question, this reduces to

δλ_1 = +iD_τ X_5γ_5ϵ_1 + iD^3ϵ_1 + i μ 3 X_5ϵ_1 ,

δχ_1 = −iD_τ y_2ϵ_2 − i[X_5, y_2]γ_5ϵ_2 + iμ 3 γ_5y_2ϵ_2 ,

δψ_1 = −iD_τ q_2ϵ_2 + iq_2X_5γ_5ϵ_2 + iμ 3 γ_5q_2ϵ_2 . (6.26)

On shell, the value of D^3 is

D^3 = 1 2 ∑ f q̄^{(f)}_2 q^{(f)}_2 + 1 2 [ȳ_2, y_2] . (6.27)

Instanton solutions then preserves half of supersymmetry. Preserved supersymmetry are generated by ϵ^+_1 and ϵ^−_2 where γ_5ϵ^±_i = ±ϵ^±_i , (6.28) which also imply existence of 4 Goldstone fermionic zero modes generated by the other half ϵ^−_1 and ϵ^+_2 . This gives rise to 4 real Grassmannian collective coordinates, which is free of any interaction vertex. While larger instanton solutions will admit more zero modes, bosonic and fermionic, this 4 plus a single bosonic coordinate from translational symmetry will remain special in that they remain free no matter what.

7. Instantons in AdS × S and penrose limit

PP-wave background in eleven dimension is obtained from AdS_7 × S^4 or AdS_4 × S^7 by taking the Penrose limit. Instantons interpolating between giant graviton solutions in AdS × S spaces were found in [17]. We take Penrose limit of AdS × S space and compare the limiting form of instantons to those in the BMN M(atrix) theory.

First, We briefly summarize Penrose limit of AdS_7 × S^4 and AdS_4 × S^7. Global metric for AdS_7 × S^4 is

F_4 = 3R^3_S vol(S^4) ds^2 = R^2_{AdS} ( − cosh^2 ρdτ^2 + dρ^2 + sinh^2 ρdΩ^2_5 ) + R^2_S dS^2_4 , (7.1)

where

dS^2_n = dθ^2_n + sin^2 θ^2_ndS^2_{n−1} . (7.2)

Here R_{AdS} = 2R_S = 2l_p(πN)^13 and l_p is eleven dimensional Planck length. Penrose limit is taken with R_S → ∞ ( or N → ∞ ) following the reparametrizations

θ_i = π 2 − y_i R_S (i = 1, 2, 3) , ρ = z R_{AdS} , τ = μx^+ 6 + 6x^− R^2_{AdS} μ , θ_4 = μx^+ 3 − 3x^− R^2_S μ

. (7.3)

– 19 –

Finally we get the plane wave geometry

ds^2 = −4dx^+dx^− − (( μ 3 )_2

y^2 + (μ 6 )_2

z^2 ) dx^{+2} + d⃗y^2 + d⃗z^2 ,

F_4 = μdx^+ ∧ dy^1 ∧ dy^2 ∧ dy^3 . (7.4)

Global metric for AdS_4 × S^7 is

ds^2 = R^2_{AdS} ( − cosh^2 ρdτ^2 + dρ^2 + sinh^2 ρdΩ^2 ) + R^2_SdS^2_7 , F_4 = 3vol(AdS_4) . (7.5)

Here R_{AdS} = 1/2R_S = 1/2l_p(32π^2N)^16 . Again Penrose limit is taken with the limit R_S → ∞ after the reparametrizations

θ_i = π 2 − z_i R_S (i = 1, · · · , 6) , ρ = y R_{AdS} , τ = μx^+ 3 + 3x^− R^2_{AdS} μ , θ_7 = μx^+ 6 − 6x^− R^2_S μ

. (7.6)

We get the same geometry as (7.4).

Instanton solutions interpolating between perturbative vacuum and spherical membranes in pp-wave background have two-fold origins in AdS × S space: (1) One coming from instantons interpolating between perturbative vacuum and rotating spherical brane in AdS_4 of AdS_4 × S^7 and (2) the other coming from instantons interpolating between perturbative vacuum and rotating spherical brane in S^4 of AdS_7 × S^4. The form of solutions are presented in [17]. Taking Penrose limit of case (2), we find that the limiting form of instanton is identical to that obtained in Matrix theory: y = R_sp 1 + exp(μτ/3)

, (7.7)

where p is Penrose limit of angular momentum defined in [17]. Instanton interpolates between y_0 = 0 and y_p = R_sp. Value of the euclidean action is S_E ≈ 1 6 Np^3 =

R^3_s p^3 6πl^3_p = y^3_p 6πl^3_p . (7.8)

For the case of (1), the Penrose limit of the instanton asymptotes to y ∼ R_{AdS} p̃ 1 + exp(μτ/3)

. (7.9)

p̃ is again angular momentum of giant graviton in the AdS space. Value of the euclidean action, S_E ≈ √ 2 12 √ Np̃^3 =

R^3_s 48πl^3_p p̃^3 = y^3_{p̃} 6πl^3_p , (7.10)

– 20 – so we have the same value of the action both cases. This is consistent with the fact that we have the same pp-wave limits for both AdS_7 × S^4 and AdS_4 × S^7.

As an aside, we may consider instanton solutions which interpolate between perturbative vacuum and spherical fivebranes. Again we note that S^5 giant gravitons could arise from two sources: (3) fivebranes in S^7 of AdS_4 ×S^7 and (4) fivebranes in AdS_7 of AdS_7 ×S^4. For the case (3), the instanton after taking Penrose limit has the form

z^4 =

R^4_sp 1 + exp(μτ/6)

. (7.11)

while the euclidean action is evaluated to be S_E ≈ 1 3 Np^{32} =

R^6_s 96π^2l^6_p p^{32} = z^6_p 96π^2l^6_p

. (7.12)

For the case (4), the solution again takes the same asymptotic form as in case (3). Value of euclidean action is again, S_E ≈ 2 3 N^2p̃^{32} =

2R^6_s 3π^2l^6_p p̃^{23} = z^6_{p̃} 96π^2l^6_p

. (7.13)

As with S^2 case, we get the same value of the actions for instantons of different origins. Note that S_E ∼ x^3 for instantons interpolating between membranes and S_E ∼ x^6 for instantons interpolating between fivebranes. The values of action just count the corresponding euclidean volume of bubble creation and agree with the dimensional analysis. Recently it was proposed [18] that S^5 giant graviton vacua and S^2 giant graviton vacua are dual to each other in this Penrose limit. This would imply that the two classes of instantons we considered above should be related to each other in the Penrose limit. However, the hypothesis is not amenable to the naive interpolation of S^5 giant graviton from AdS × S to the Penrose limit. This fact is also clear from behavior of the instanton solution above. If there is such a correspondence, it is apparently not visible in a semiclassical approach, as was noted in ref. [18].

8. Summary

In this note, we studied euclideanized BMN M(atrix) theory and constructed instanton solutions that interpolate between classically distinct vacua. We considered two kinds of M(atrix) theory. One is the original BMN M(atrix) theory with N = 16 supersymmetries, while the other with reduced N = 8 supersymmetry corresponds to having longitudinal fivebranes in the background.

We gave equations for supersymmetric instantons, and solved them for all possible instantons connecting to the trivial perturbative vacuum. We gave detailed counting and, in some cases, explicit construction of zero modes around such solutions. This includes Goldstone modes. and due to some of fermionic Goldstone modes, instantons cannot mediate mixing of vacua and each classical vacuum remain robust against quantum tunneling. Instantons will certainly contribute to higher order interaction vertices, nevertheless. It remains an open question as to what specific roles instantons will play in uncovering quantum nature of BMN M(atrix) theory.

– 21 –

Acknowledgments

We are grateful to Jeong-Hyuck Park and O-Kab Kwon for useful discussions. We also thank B. Pioline for drawing our attention to ref. [16]. PY is supported in part by Korea Research Foundation (KRF) Grant KRF-2002-070-C00022. JTY is supported in part by Stichting FOM.

References

[1] J. Figueroa-O’Farrill and G. Papadopoulos, Homogeneous fluxes, branes and a maximally supersymmetric solution of M-theory, J. High Energy Phys. 08 (2001) 036 [hep-th/0105308]; M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081].

[2] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[3] R.R. Metsaev, type-IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044];

R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[4] K. Dasgupta, M.M. Sheikh-Jabbari and M. Van Raamsdonk, Matrix perturbation theory for M-theory on a PP-wave, J. High Energy Phys. 05 (2002) 056 [hep-th/0205185].

[5] N. Kim and J. Plefka, On the spectrum of PP-wave matrix theory, Nucl. Phys. B 643 (2002) 31 [hep-th/0207034].

[6] R.C. Myers, Dielectric-branes, J. High Energy Phys. 12 (1999) 022 [hep-th/9910053].

[7] J. McGreevy, L. Susskind and N. Toumbas, Invasion of the giant gravitons from anti-de Sitter space, J. High Energy Phys. 06 (2000) 008 [hep-th/0003075].

[8] N. Kim and J.-T. Yee, Supersymmetry and branes in M-theory plane-waves, hep-th/0211029.

[9] H. Takayanagi and T. Takayanagi, Notes on giant gravitons on PP-waves, J. High Energy Phys. 12 (2002) 018 [hep-th/0209160];

K. Skenderis and M. Taylor, Branes in AdS and PP-wave spacetimes, J. High Energy Phys. 06 (2002) 025 [hep-th/0204054].

[10] K. Osterwalder and R. Schrader, Axioms for euclidean green’s functions, Commun. Math.

Phys. 31 (1973) 83; Axioms for euclidean green’s functions. 2, Commun. Math. Phys. 42 (1975) 281;

P. van Nieuwenhuizen and A. Waldron, On euclidean spinors and wick rotations, Phys. Lett. B 389 (1996) 29 [hep-th/9608174];

H. Nicolai, On a new characterization of scalar supersymmetric theories, Phys. Lett. B 89 (1980) 341; A possible constructive approach to (super ϕ^3) in four-dimensions, 1. euclidean formulation of the model, Nucl. Phys. B 140 (1978) 294.

[11] N. Kim, K.M. Lee and P. Yi, Deformed matrix theories with N = 8 and fivebranes in the PP wave background, J. High Energy Phys. 11 (2002) 009 [hep-th/0207264].

– 22 –

[12] P. Yi, Witten index and threshold bound states of D-branes, Nucl. Phys. B 505 (1997) 307 [hep-th/9704098];

S. Sethi and M. Stern, D-brane bound states redux, Commun. Math. Phys. 194 (1998) 675 [hep-th/9705046].

[13] J. P. Gauntlett, Low-energy dynamics of N = 2 supersymmetric monopoles, Nucl. Phys. B 411 (1994) 443 [hep-th/9305068];

J.D. Blum, Supersymmetric quantum mechanics of monopoles in N = 4 Yang-Mills theory, Phys. Lett. B 333 (1994) 92 [hep-th/9401133];

M. Cederwall, G. Ferretti, B.E. Nilsson and P. Salomonson, Low-energy dynamics of monopoles in N = 2 SYM with matter, Mod. Phys. Lett. A 11 (1996) 367 [hep-th/9508124]; J.P. Gauntlett, C. Kim, K.-M. Lee and P. Yi, General low energy dynamics of supersymmetric monopoles, Phys. Rev. D 63 (2001) 065020 [hep-th/0008031].

[14] K. Dasgupta, M.M. Sheikh-Jabbari and M. Van Raamsdonk, Protected multiplets of M-theory on a plane wave, J. High Energy Phys. 09 (2002) 021 [hep-th/0207050]; N. Kim and J.-H. Park, Superalgebra for M-theory on a PP-wave, Phys. Rev. D 66 (2002) 106007 [hep-th/0207061].

[15] J. P. Gauntlett, N. Kim, J. Park and P. Yi, Monopole dynamics and BPS dyons in N = 2 super-Yang-Mills theories, Phys. Rev. D 61 (2000) 125012 [hep-th/9912082]; M. Stern and P. Yi, Counting Yang-Mills dyons with index theorems, Phys. Rev. D 62 (2000) 125006 [hep-th/0005275].

[16] C. Bachas, J. Hoppe and B. Pioline, Nahm equations, N = 1^∗ domain walls, and D-strings in AdS_5 × S_5, J. High Energy Phys. 0107 (,) 2001041 [hep-th/0007067].

[17] M.T. Grisaru, R.C. Myers and O. Tafjord, SUSY and goliath, J. High Energy Phys. 08 (2000) 040 [hep-th/0008015];

A. Hashimoto, S. Hirano and N. Itzhaki, Large branes in AdS and their field theory dual, J. High Energy Phys. 08 (2000) 051 [hep-th/0008016];

S.R. Das, A. Jevicki and S.D. Mathur, Giant gravitons, BPS bounds and noncommutativity, Phys. Rev. D 63 (2001) 044001 [hep-th/0008088].

[18] J. Maldacena, M.M. Sheikh-Jabbari and M. Van Raamsdonk, Transverse fivebranes in matrix theory, J. High Energy Phys. 01 (2003) 038 [hep-th/0211139].

– 23 –